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SUMMARY 

Generalizations of previous Jigure-counting series used in Pdlya's 
enumeration theorem are exploited to enable us to predict the number 
of isomers of multiply-labelled compounds. Nomenclature problems 
for such isotope-isomers are reviewed. 

INTRODUCTION 

Chemical phenomena originate in the electronic shells of atoms. The 
nature of their nuclei exerts an influence mainly through the nuclear charge. 
For isotopic atoms, with the same numbers of electrons and the same nuclear 
charges but differing in their nuclear masses, chemical behaviour is very 
similar, differences being manifest only through isotopic effects. Thus the 
numbers of neutrons in the nuclei have little influence on the chemical properties 
of isotopic atoms, but determine their nuclear properties such as stability, 
radioactive half-life***, isotopic spin, etc. 

The replacement of an atom in a molecule by another one with a different 
isotopic composition from that encountered in nature (i.e. isotopic labelling) 
has become an increasingly important tool of chemical research since the 
early experiments of Paneth and von Hevesy (3).  

* "Isotope-isomerism" is preferred to "isotopic isomerism" because of derivation of 

** Research supported in part by a grant from the National Science Foundation, U.S.A., 

*** The so-called "stable" isotopes have radioactive half-lives longer than ca. 10'l years; 

adjectives (isotope-isomeric) and nouns (isotope-isomerization). 

Chemical Information Program. 

half-lives of up to loao years (as for lS0Te) can be determined by indirect techniques8. 
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In labelled molecules a new kind of isomerism appears : isotope-isomerism. 
Two molecules which contain different isotopes of the same element are 
called isotopic molecules (4). Zsotope-isomers (4) are molecules of the same 
structure labelled with the same isotope(s) but differing in the position of 
the label(s), for example D2CH-CH, and DCH2-CH2D, or 13CH3-CH2-CH3 
and CH3-13CH2-CH3. Compounds containing two or more different types of 
isotope-isomeric molecules are named isotope-isomeric mixtures. The number 
of positions in a molecule which are labelled with one and the same isotope 
is called isotopic multiplicity, e.g. in the case of the above two examples, 
isotopic multiplicities are 2 for ethane (2H2) and 1 for propane (I"). A 
molecule labelled with two different isotopes of the same element, or with 
nuclides of two different elements (again, "labelling" is by definition equivalent 
to "changing the natural isotopic composition") is termed a doubly-labelled 
molecule. 

Mass spectrometry, radioactivity measurements, magnetic resonance and 
Mossbauer spectra, as well as degradative methods followed by isotopic 
analyses ( 5 ) ,  can distinguish among isotope-isomeric molecules. 

DEFINITION OF A LABELLED COMPOUND 

Though there exist numerous laboratories and monographs, as well as 
a journal dedicated to labelled compounds, the definition of a labelled 
compound still has some obscure points. In fact, the difficulty lies in defining 
the non-labelled compounds. 

One possibility would be to consider for each element one standard 
isotope (the most abundant in nature), and define unlabelled compounds as 
containing exclusively these nuclides. In this case the usual organic compounds 
would have to be considered as labelled molecules, owing to the natural 
13C, 2H, l80, 15N, etc. 

A more satisfactory and widely accepted definition considers that in 
a non-labelled molecule the average isotopic composition of each atom is 
that encountered in nature. In this case the non-labelledcompounds is a 
statistical (6) mixture of isotope-isomeric molecules. This is illustrated by the 
isotopic composition of the atmosphere ('I. As another example, non-labelled 
propane contains 

96.6 % "C3H8, 2.2 % 13CH3-'2C2H5, 1 . 1  % (12CH3)2 13CH2 
and small amounts (less than 0.2 %) of 12C13C2H8, 13C3H8 and deuterium- 
containing molecules. A mixture containing 

96.6 % 12C3H8, 2.2 % (12CH3)213CH2 and 1.1 % 13CH3-12C2H5 
would have to be considered as labelled propane (enriched in I3C in position 2, 
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and in 12C in positions 1 and 3) though the overall isotopic composition 
does not differ from that of non-labelled propane. 

The small amounts of natural radioisotopes such as 3H or 14C with 
half-lives considerably shorter than lo6 years, which are generated conti- 
nuously by various non-equilibrium processes, should better be ignored. When 
the natural isotopic composition has slight fluctuations (as for the stable 
isotopes of hydrogen or oxygen), a standard value(3 should be taken as 
reference. 

According to the latter definition, a single molecule is always labelled 
(except for the cases when it consists only of monoisotopic elements such as 
19F2, 1271 2 ,  19F'271 or 31P19F5, when it is unlabelled). 

NUMBERS OF ISOTOPE-ISOMERIC MOLECULES OF GIVEN TYPES 

After earlier attempts to find formulas for the number of istope-isomeric 
molecules (8),  H. Hubner (9) applied Polya's enumeration theorem (lo) to 
this problem for the case of a single C-isotopic label in acyclic (n-heptane 
and n-octane as examples) or cyclic (benzene, toluene, ethylbenzene and 
xylenes) hydrocarbons. In the present paper we generalize to several isotopic 
labels by making constant use of group theory. 

A molecule may be regarded as a graph where the atoms are the vertices, 
and the covalent bonds are the edges of the graph. Unless otherwise stated, 
hydrogen and other univalent atoms are left out and only polyvalent atoms 
are indicated in the graph. 

Given a graph G, its symmetry mappings must first be determined. 
This can be done by determining the (point) group I' (G) of this graph and 
then finding the symmetry axes from character tables (I1). Then the cycle 
index Z is calculated for the respective permutation group (symmetric group S, 
alternating group A, cyclic group C, dihedral group D, or identity group E), 
either by making use of the symmetry operations around the symmetry axes ( 8 ) ,  

or by employing the available formulas (12-14) for the corresponding permuta- 
tion groups which obviate the need of considering all symmetry operations. 
Both procedures are illustrated in the examples below. 

states that by substituting for each 
indeterminate variable c k  in the cycle index the appropriate figure-counting 
series, a polynomial configuration counting series b(x) is obtained whose 
coefficients indicate the numbers of configurations, i.e. in  the present case 
the numbers of isotope-isomers. For one isotopic label, the figure-counting 

Polya's enumeration theorem 
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series is : ck = 1 + xk (in the previous paper (12), this counting series was 
presented in a different notation : yk= r k  + sk). 

Thus, in a given graph G with p points, the number of different subsets 
of n points (i.e. the number of singly-labelled isotope-isomers with isotopic 
multiplicity n) is the coefficient of x" in the polynomial configuration counting 
series b(x) = Z [I? (G), 1 + XI.  The same formula applies for calculating 
numbers of isomers for n-substituted hydrocarbon derivatives in which n 
hydrogen atoms were replaced by n identical univalent substituents, e.g. 
chlorine atoms. 

As the first example we will discuss toluene, which can be considered 
in standard graphical notation (14) as the graph K, . C6 resulting by identifying 
one point of the complete graph K, of order 2 with one point of the cyclic 
graph C, with 6 points. The group of this graph is easily seen to be r (K, . c6) 

= E3 + S, [E,] again using standard notation (I4) for operations on permuta- 
tion groups, and its cycle index is 

Z(E3 + S,[E,I) = Z(EJ.Z(S,[E,I) = c:.~(c: + c;) = +(c: + c:c;) 
Alternatively, the same cycle index results from the point group C,, 

with symmetry elements (excluding inversion centres or axes, and symmetry 
planes) E and C,, as indicated in the character tables (lo). By the former 
operation the 7 vertices are unaffected (cy); by the second operation, 3 vertices 
are unaffected and 2 pairs of vertices are exchanged pairwise (tic;). 

Toluene : Z(C,,) = +(c: + c:cf) 
Its configuration counting series is, according to Polya's theorem (lo) 

Z(r(G), 1 + X) = +[(I + XI' + (1 + xI3(1 + x2j2I = 
= 1 + 5x + 13x2 + 21x3 + 21x4 + 13x5 + 5x6 + x7 

The coefficient of x, for example, indicates that there exist five isotope- 
isomers of singly carbon-labelled toluene with isotopic multiplicity one 
(12C613C Ha); the coefficient of x3 indicates that there are 21 isotope-isomers 
of singly carbon-labelled toluene with isotopic multiplicity three (12C4 3C3Hs), 
etc. Their formulas are given in ref. 

ortho-Xylene : z(c,.) = +(c; + cl) 

nteta-Xylene : z(c,.) = +(cf +c:c:) 

para-Xylene : z(D,,) = ;(c; + c:c; + 24)  
n-Heptane : Z(Dmh) = +(cy + clcJ 3 

n-Octane : Z(Dm,) = &(cf + ci) 
Benzene : Z(D6h) = k (c f  + 3c:c; + 4 4  + 2 4  + 2c6) 

Similarly one finds the following cycle indices : 
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One can extend this treatment for double labelling (either with two 
distinct isotopes of the same element, or of different elements), by substituting 
in the cycle index the modified figure-counting series ck = 1 + xi + xi when 
the two labels cannot be attached to the same atom, or ck = 1 + x'; + xi + xixi 
when they can. The former figure-counting series also applies to counting 
substituted hydrocarbon derivatives with two different univalent substituents, 
e.g. chlorine and bromine. 

As a second example we shall illustrate the isotope-isomers of doubly- 
labelled benzene. For benzene labelled with 13C and 14C for instance, we 
have (the two labels cannot involve the same atom) : 

Z(Dsh, 1 + x1 + x2) = &[(I + x1 + + 3(1 + xi + x2)'(1 + x: + x2)* 2 + 
+ 4(1 + $ + 413 + 2(1 + xi + xl)' + 2(1 + x: + x;)l = 

= 1 + XI + x2 + x: + x; + x1x: + x:xz + x; + x; + 
3 3  + 3(X1X2 + x: + x i  f x: + xi + x;' + x; + 

+ 
+ x':x2 + xlxz + 

+ .;'xi) + 6(~1$ + X : X ~  + ~1.i + X:X~ + X:X~ + x:x;) + 11x:xi 
This indicates that there exist : one isomer for 12C6H6 or 13C12C5H6, 

three isomers for l3Cl4Cl2C4Hs, 13C21ZC4H, or I3C3l2C3H6, six isomers for 
14C13C212C3H6, and eleven isomers for 14C213C21ZC2H6. Some Of these 
isomers are presented in Table 1, where 13C and 14C are indicated by black 
and open circles, and 12C is not indicated*. 

For a carbon- and deuterium-labelled benzene, the two labels can involve 
the same carbon atom, hence we have to include also the term xlxz in the 
figure-counting series : 

Z(Dsh, 1 + Xi + x2 + XlX2) = k[(l + xi + xz + + 3(1 + x1 + x2 f 
2 2 3  + xix2)'(1 + X: + x: + $4)' + 4(1 + $ + x: + ~1x2) + 

+ 2(1 + x; + x; + x:x;>2 + 2(1 + x: + x; + .:.;)I = 

= (1 + x; + x; + x;x; + x1 + x2 + x:+x",+x,x;+x:x,+x:x~+x~x~) + 
+ 3(4 + x; + x': + x; + s x ;  + x;x; + x':.; + x;x; + x: + x; + 
+ xlx; + 4x2 + $4 + .:xi?' + x;'g + x:x;> + 12(X1x; + x;x, + 
+ Xixi f + 4(X1X2 f X1X; + X:X2 + X:X:) + 9(X1X: + X:X2 + 

+ xix i  + .:xi) + 24($$ + $xi  + x;'x; + x':d + 
+ 28($xi + xi4 + $xl  + .;'xi) + 384~: 

* For clarity, molecular formulas in the text and in Tables do not respect the order 
of increasing mass numbers for isotopes of the same element. 
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TABLE 1. Isotope-isomers of doubly 18C and 14C labelled benzene 
13  1 4  12 C C C4H6 (x1x2) : 

This formula shows that there e$st : one isomer for 12C6H6, "C~HSD 

13C312C3H6, four isomers for '3C'ZCSH5D, nine isomers for '3C212C,H,D 
or '3C12CSH4D2, twelve isomers for 13C12C5H3D3 or 13C3'2C3H,D, twenty- 
four isomers for '3Cz'2C,H4Dz, twenty-eight isomers for l3CZ1'C4H3D3 
or 13C3'2C3H4D2, and thirty-eight isomers for '3C312C3H3D3. These isomers 
are shown in Table 2. 

To generalize for an arbitrary number of labels, the number of isomers 
of a multiply-labelled molecule with a1 labels of species 1, u2 labels of species 2, 
..., a, labels of species n, can be found as the coefficient of the term 

in the polynomial configuration counting series obtained by substituting 
into the cycle index the following figure-counting series : 

O r  13C1ZC~H6, three isomers for "C6H4D2, "CsH3D3, 13C~12C4H6 O r  

x": 9; ...c 
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n 

ck = 1 + EX; if a point can bear up to one label; 

ck = 1 4- ’Cxf + (1-sij) 2 2$xk for up to two labels attached to one atom; 

ck = 1 + E x; + ( 1 - 8 ~ ~ )  C, E xfx; + (1-8hij)  ’C E z xzxtx,” for up to three 

labels and so on. The Kronecker delta functions are 6, = 1 for i = j ,  8, = 

0 for i + j .  

i = l  

n n n  

i-1 i = l j = l  

n n n  n n n  

i = l  i=j :=l  h=i i = l  j = l  

TABLE 2. Isotope isomers of doubly carbon- and deuterium-labelled benzene 

13C’2C5HaD2 (xlx:) : 

D D 

8. D 8. D 6. I) OD D 

D 6 
0 D 

D Q>. 
(3 D 
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D 6 D  
Q. 

TABLE 2. (continued) 

13Cj12C3H3Dj (x1x2) 3 3  

a. 
Q: 

3 d. 
0 

D D D 

0 D D 
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13C212C4H4D2 (x1x2) 2 2  : 
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We shall illustrate, as the third and last example, the configuration 
counting series for the hydrocarbons (CH),, p = 4, 5, 6, 7, and 8 in the regular 
planar configurations corresponding to the dihedral groups D,, D5, D,, D,, 
and D, obtained with the first figure-counting series above. Since the potentials 
(or numbers of partitions*) of the numbers 4, 5, 6, 7, and 8 are 5, 7, 11, 15, 
and 22, respectively, for these groups we will have the corresponding numbers 
of terms. In the following, the partitions and coefficients of the configuration 
counting series b, ( p  = 4 to 8) are given; to link up with our previous data(12), 
one should bear in mind that variables xl, x2, x3, ... were there noted r, s, t... 

The coefficient of each term again indicates the number of isomers; 
each xi in the term represents one isotopic species (or one type of substituent, 
or one colour of beads in the necklace problem (12); an upper limit of three 
different colours had been set earlier (I2)), while its exponent represents the 
isotopic multiplicity (or the number of substituents of the same type, or the 
number of beads with the same colour). 

NOMENCLATURE OF ISOTOPE-ISOMERS 

The proposal of W. A. Boughton reported by Crane (17) for thenomen- 
clature of hydrogen-labelled molecules, adopted by Chemical Abstracts (l8J9), 
is based on the special names of 2H (deuterium, noted by d )  and 3H (tritium, 

* The partitions of n are the different ways of representing the given positive integer n 
as sums of positive integers (16,16). 
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noted by t ) .  This system cannot be extended to other nuclides because no 
other element has different names for different mass numbers. Accordingly, 
various other nomenclature proposals were advocated by individuals or 
national committees (20-37), by multinational f3*)  or international organiza- 
tions (39). The Definitive Rules for the Nomenclature adopted by IUPAC C4O) 

indicate the mass numbers of nuclides as upper left superscripts. With the 
recommendations provisionally adopted by the International Commission for 
Nomenclature of the IUPAC (39), a workable system for the nomenclature of 
labelled organic compounds was achieved, and most of the disputed questions 
raised previously (22923730932934) were settled. 

Thus the name of a labelled compound indicates : (i) the chemical structure 
by its usual chemical name, and (ii) the qualitative isotopic composition by 
the addition of informations concerning the nature and the position in the 
molecule of the isotopes. It is agreed that no  quantitative indication on the 
amount of labelling, that is to what extent the isotopic composition of the 
respective position differs from the natural one, is to be given in the name. 

There are two points, however, which deserve a comment. 
In practice, a chemical substance always involves large numbers of 

molecules. Accordingly, statistical considerations based on the history of 
the substance, i.e. its method of preparation, should be taken into account (=). 

If it is agreed that one should name a labelled compound after the molecules 
with the highest isotopic multiplicity achieved during the preparation, then 
this should only apply to isotope-isomeric mixtures of chemically identical 
molecules possessing a statistical distribution of isotopic composition. For 
instance, starting with barium carbonate 50 % enriched in I3C one can 
prepare calcium carbide and hence acetylene, whose molar composition would 
be the following: 25 % 12C2H2, 50 % 12C13CH2, 25 % 13C2H2 (isotopic 
effects being ignored); this statistical isotope-isomeric mixture should be 
collectively named as acetylene (13C2). A theoretical mixture consisting in 
l2CzH2 (50 mole %) and 13C2H2 (50 mole %) should not be named as one 
compound, but as a mixture. An acetylene prepared from CH3-l3COOH 
by halogenation, reduction, dehydrohalogenation and dehydration should 
be named acetylene ( I  "c). As a further example, consider 14C-labelled dimethyl 
ether. It can be obtained by two routes : 

- HzO 
(i) 2 WHrOH --f 14CH8-0-14CHs, dimethyl ether (l4C2) 

- Na I 
(ii) CH,-ONa + '*CH,I -__ -+ CHS-0J4CHS, dimethyl ether ("C) 
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At low specific activities, in both caws most molecules will have no label, 
and a small number of molecules will have one label; in the former case 
only, a very small number of molecules will have an isotopic multiplicity 
of two 14C atoms per molecule. Though rather academic, this distinction 
should be reflected in the name, as indicated above. 

Secondly, there is the problem of multiply-labelled compounds. The 
provisional rules f39) only state that the symbols of the nuclides should be 
placed in alphabetical order. To be more precise, one should have to add 
that this applies to the alphabetical order of the symbols (not d the names 
since these differ in various languages), that hydrogen, deuterium and tritium 
should be listed under H even though D and T may be used, and that in 
molecular formulas and names of compounds multiply labelled with several 
isotopes of the same element, the symbols of these nuclides with the respective 
locant indications should be arranged in the order of increasing mass numbers. 
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